Chapter 6

Learning

We now extend the Bayesian framework described in to accommodate
learning from a sequence of signals. Section asks whether an agent will
eventually learn the state. Section [6.4) asks whether agents with different prior
beliefs will eventually hold similar beliefs. Section asks whether agents
with different priors expect their disagreement to reduce given information
(thus studying a second-order belief). Section asks whether agents will
commonly learn, i.e., whether agents will eventually believe that other agents
believe that they ... have learned the state.

6.1 Preliminaries

Let (©,dg) be a complete separable metric space endowed with its Borel o-
algebra X, and let p € A(®) be a (X-measurable) probability measure on ©.
As before, we interpret 6 ~ p as an unknown parameter of interest.

The space of signal realizations (X, dx) is again a complete separable met-
ric space endowed with its Borel c-algebra B. There is an infinite sequence
of signal realizations X3, X», ... taking values in the set X = &} x X, x ...
where each A} is a copy of X. Conditional on the realized 6, signals X1, X», . ..
are generated iid according to a conditional density fy, and we refer to each X;
as the period-t signal.

The full state spaceis ) = O x X* = @ x &} x &, x ... and it is equipped
with the product c-algebra X x By x By x ... where each B; is a copy of B.
Throughout, we use P to denote the measure on () induced by p and the
family (fy)sco, and we use Py to denote the conditional measure on X' when
the parameter is 6.

6.2 Binary Example

First consider a single-agent environment with two possible parameter values
6 € {A,B}. Each period t € Z a signal realization from {a,b} is generated
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iid according to
a b
A q 1-9
B 1-q g

where g > 1/2. Will an agent who holds a prior belief that the probability of
Ais p € (0,1) eventually learn the value of the parameter?
Suppose first that the parameter is § = A, in which case signals are drawn
iid according to f4 = (q,1 — g). For any infinite sequence x € {a,b}* and any
teZy, let
n(x) =#{1 <t <t:xp=a}

denote the number of a-realizations among the first t realizations of x. By the
strong law of large numbers, there is a set ;> C X' of Po-measure 1 such
that

limw:q Vx € Xy

t—o0 t
That is, the limiting fraction of a-realizations is g along each sequence in A°.

Since signals are assumed to be conditionally independent, the agent’s pos-

terior belief about A following any sequence (xi,...,x;) depends only on the
count of a and b-realizations. Let n denote the number of a-realizations. Then
applying Bayes’ rule (Section [2.2.T), the agent’s posterior belief is

Pq”(l _ q)t—n
PO=A|x1,...,x) =
( ’ t) pqn(l _ q)t—n + (1 _ P)(l o q)nqt_n
1
= - (6.1)
2n—t
1-p (1—gq
()
Along any x € X;° we have

1 1 2mt0 g E
lim P(0 = A | x1,...,x%) = lim |14+ -—F <—”l> .
f—o0 t— o0 p q

recalling that g4 > 1/2 by assumption.

So the agent’s posterior belief P4-almost surely converges to certainty of
the correct value of the parameter, A. An identical argument shows that when
the parameter is B then the agent’s posterior belief Pg-almost surely converges
to certainty of B. Thus the agent (eventually) learns the parameter.

6.3 Doob’s Consistency Theorem

A classic result due to Doob| (1949) generalizes the individual learning result
from the previous sectionr_-]

10ur presentation of this material follows [Miller| (2018).
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Assumption 3 (Identifiability). If 0 # ¢’, then Py # Py.

In words, Assumption [3|is satisfied if no pair of parameter values induce
the same distribution over signals, meaning the parameter is identifiable from
its observable implications.

Proposition 17. Suppose Assumption 3| is satisfied, and let g : ® — R be any
measurable function satisfying IE|g(6)| < oo. Then

tlim E(g(0) | X1,X2,...,Xt) =8(0) P-as.
—00

In the special case where g(6) = 0, the result implies that the posterior ex-
pectation of 6 converges to its true value almost surely. The following proposi-
tion is a Bayesian analogue of the above result, and says that posterior beliefs
converge almost surely to a degenerate measure at the true state.

Proposition 18 (Posterior Consistency). Suppose Assumption |3|holds. Then, there
exists a set @ C O with p(©") = 1 such that for every 6y € ©®' and every neighbor-
hood B of 0y,
tli_)rroloIP(B €B|X1,Xa,...,Xs) =1 Py-as.
That is, for any prior distribution, the posterior belief is guaranteed to
concentrate in a neighborhood of the true parameter §—except possibly on a
set of parameter values that has measure zero under the agent’s prior.

REMARK 6.1. The qualification that learning occurs except on a set of “measure
zero under the agent’s prior” is less harmless than it might initially seem.
Consider ® = R where the agent’s prior p € A(®) is a point mass at 6 = 0.
Then the posterior is also a point mass at zero, so the agent will fail to learn any
parameter which is different from 0. But because the set R\{0} has measure
zero under the agent’s prior, the statement of the result holds in a trivial sense.
See also the subsequent discussion in Section [7.2.1}

REMARK 6.2. Proposition |18 implies that the agent’s posterior belief converges
almost surely to a point mass on the true parameter in the topology of weak
convergence, i.e., there is a Py-measure 1 set of sequences of signal realizations
such that

d(P',6) — 0

along each of these sequences, where d denotes the Levy-Prokhorov metric and
P! € A(O) denotes the posterior belief after observing the first  coordinates
of the sequence. Since d is a metric, we also have that for any alternative prior
7 € A(®) and corresponding posterior belief P! € A(®) (updating to the same
t realizations),

d(P!,Pt) < d(P*,59) +d (5, PY).

Since the RHS converges to zero almost surely (by Proposition [18), the two
agents’ posterior beliefs converge to one another almost surely in the topol-
ogy of weak convergence. The subsequent section provides an even stronger
version of this result.
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6.4 Merging of Beliefs

Assume that for each + > 1, a unique conditional probability distribution
Pf(x1,...,x:)(C) exists for all realized sequences xi,...,xt € X X --+ X X}
and unknown events C € By X Bpyp X E] Blackwell and Dubins| (1962)
show that even if players start out with different prior beliefs, their conditional
beliefs will merge to one another in a strong sense.

To state the result formally, recall that for any two probability measures
u1, M2 defined on the same c-algebra F, total variation distance and absolute
continuity are defined as follows.

DEFINITION 6.1. The total variation distance between yy and yy is

drv(p1, p2) = sup |p1(D) — p2(D))|
DeF

DEFINITION 6.2. If po(D) = 0 implies y1(D) = O for every D € F, then yy is
absolutely continuous with respect to p,, denoted 1 < yo.

Now we are ready to state the main result:

Proposition 19. Suppose p, p € A(®) are absolutely continuous with respect to one
another, and define P, P to be the measures on ) induced by the respective priors p, p,
and the family (Py)gce. Then

tlim dry (P! (xq,.. .,xt),ﬁt(x1, ..., xt)) =0 P-almost surely
—00

That is, if two agents hold different prior beliefs about the parameter but
agree on the set of measure-0 events, then their conditional beliefs merge in a
strong sense: For all measurable future events, agents eventually assign similar
probabilities.

ExamriE 6.1. To clarify the difference between this result and the one exam-
ined in the previous section, consider the problem of learning the unknown
bias of a coin, which is parametrized to p € [0,1]. A coin whose bias is p lands
on Heads with probability p and lands on Tails with probability 1 — p. Two
agents have different prior beliefs on [0,1] and each observe ¢ independent
flips of this coin.

Proposition [18|says that the two agents will eventually learn the bias of the
coin as t grows large. Proposition [19| says instead: Suppose the two agents
have observed t independent flips of the coin; then, their beliefs over all events
regarding the future—e.g., that over half of the remaining coin flips will turn
up Heads, or that the limiting fraction of Heads realizations is 1/2—must
eventually become close (uniformly across such events).

ZBlackwell and Dubins| (1962) work with the more general notion of “predictive probabili-
ties” P where conditional probabilities can be defined.
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6.5 (Expected) Disagreement

We now turn to the impact of information on agents” second-order beliefs—i.e.,
what they think about what others think. Kartik, Lee and Suen| (2021) show
that when signals satisfy an MLRP condition, then agents with different beliefs
expect information to reduce the extent of disagreement.

Here we assume the set of parameters @ C R is finite and ordered. Two
signals X and X respectively take values in X' and X, and we assume that
X is Blackwell more informative than X. There are two agents, Ann and Bob,
who have common knowledge of the conditional distributions { fxjs(x | 0) }oco
and { fx (X | 0)}oco. But Ann and Bob hold different prior beliefs f, f¥ €

A(®) about the parameter. We use F# and F? to denote their perceived joint
distributions of (6, X, )~() (induced by the respective priors and the common
knowledge signal distributions), and [E4 and Ep to denote expectations with
respect to these distributions.

Assumption 4. There is an order = on X and an order = on X such that the families
{fxjo(- | 0) Yoco and {fz (- | 0) }eco each have MLRP (see Definition .

Assumption 5. Bob’s prior f? likelihood-ratio dominates Ann'’s prior f§ (see Defini-
tion |3.1).

The agents’ prior expectations of the parameter are ys = E4(0) and up =
Ep(6). We are interested in Ann’s prior expectation of Bob’s posterior expecta-
tion (updated to X), and Bob’s prior expectation of Ann’s posterior expectation
(updated to X), respectively denoted by

nap(X) = Eal[Ep(0 | X)]
upa(X) = Ep[Ea(0 | X)]

Proposition 20. Suppose Assumptions |4 and 0| are satisfied. If X is Blackwell more
informative than X, then

ta < pap(X) < wpap(X) < up

ta < ppa(X) < upa(X) < up

That is, Ann expects that a more informative experiment will, in expectation,
bring Bob’s posterior mean closer to Ann’s prior, and vice versa. These are both
subjective statements, and indeed only one of Ann and Bob can be correct.

We'll prove this proposition using the following relationships, which are
left as an exercise.

ExERcrsk 6.1 (G). Prove the following statements:

(a) FOB‘X(G | X = x) first-order stochastically dominates Fé“‘X(G | X = x) for every

signal realization x € X
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(b) F;X(X | X = %) first-order stochastically dominates F??I)?(X | X = %) for

every signal realization ¥ € X

Proof. Part (a) of Exercise [6.1| implies [ 6dF;! ax(0 | x) < [ 0dFE ojx (0 | x) for
every realization x, so also

//9d9|X9|deX //Gde‘x9|xd1-"x() 6.2)

By assumption that {fys(- | 6)}ece has MLRP, the integral [ 0dF; 6l (0] x)is

an increasing function of x. Moreover, Part (b) of Exercise says that F)]?
first-order stochastically dominates F4 (taking X to be any constant signal).

Thus
//Gd ED (6 | x)dF{ () //ed ED (0 | x)dFL(x). 6.3)
Together, and (6.3) imply

//Gde‘xmxdl—"x //Od(,‘xmxdl-“x //Gdg‘xf)]xdFX()

which is precisely the desired inequality ya < pap(X) < wup. It follows by
identical arguments that p 4 < pupa(X) < up.

To show that pap(X) > uap(X), we use the fact that (since X Blackwell-
dominates X) we can generate the two variables in such a way that X is condi-
tionally independent of § conditional on XEI Then on this probability space

uap(X) =Eq lEB <9 )]

=E4 lEB

/N

Ejp (9 | X, X) | 5&)] by L.LE.

—E, IEB<1EBG|X|X)} since X 1L 0 | X
://]EB(Q\x dFE o (x | )dFA(F)

> //]EB(H | X)dF 5 (x | R)dF4 (%)

=E4 [IEA (IEB 01X) | X)}

=, [Eg (0] X)] by L.LE.

= pap(X)
where the crucial inequality follows by observing that Eg(f | x) is an increas-
ing function of x (by Assumption @) while F{ B (- | X) first-order stochastically
dominates Fj A (| x) for every realization of x (by Part (b) of Exercise

Since the prev1ous arguments apply to show also that y45(X) < yp, we are
done. m

3See Remarkmfor further detail. Note algo that the correlation between X and X is irrele-
vant for the comparison of y45(X) and p4p(X).
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6.6 Common Learning

Suppose Assumption [3| (Identifiability) holds, so that agents eventually learn
the true parameter. Does this imply that agents will eventually have common
knowledge of the true parameter? Cripps et al. (2008) adapt Monderer and
Samet| (1989)’s definition of common g-belief for the present learning environ-
ment, and show that individual learning does imply common learning when
the set of signal realizations is finite, but that this implication may otherwise
fail.

In what follows recall that each state w € O = ® x X* describes both
the value of the parameter and the infinite sequence of signal profiles. As
before, Py denotes the measure on X'* conditional on parameter 6, and again
assume that © is finite. There are two agents i = 1,2, and (different from the
previous sections) we decompose X = X1 x X2 where X' denotes the set of
agent i signal realizations. Each agent privately observes their own signal each
period. We use hj;(w) = (x| (w),...,xi(w)) for agent i’s history at time t when
w is the realized state, and H;; to denote the filtration induced by agent i’s
histories.

DEFINITION 6.3. For any q € [0,1] and (measurable) event F, agent i g-believes in
F at time t on
Bi(F) = {w € Q| P(F | hu(w)) > q}

DEFINITION 6.4. For any q € [0,1], there is common g-belief in F at time t on

Cl(F) = [ [B{]"(F)

n>1
where B} (F) = BY,(F) N B3, (F).

DErFINTTION 6.5 (Individual Learning). Agent i learns 0 if for each q € (0,1) there
exists T < oo such that

Py(BL({0} x X®)) >q Vt>T

Equivalently: lim;_c Po(B}, ({6} x X®)) = 1 for all q € (0,1). Agent i individu-
ally learns if the agent learns each 6 € ©.

DEFINITION 6.6 (Common Learning). Agents commonly learn 6 if for each q €
(0,1) there exists T < oo such that

Po(Cl ({0} x X®)) >q Vt>T

Equivalently: lim e Py(C] ({0} x X)) =1 for all g € (0,1). Agents commonly
learn if they commonly learn each 6 € ©.

Clearly if signals are perfectly correlated (or public), so that P(6 | Hi;) =
P(60 | Hy) for all 6 and ¢, then individual learning implies common learning.
This result also holds at the other extreme of independent signals.
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Proposition 21. Suppose agents individually learn, and their signals are condition-
ally independent given the parameter. That is, there exist families (P})gco, with each
Pi € A(X"), such that Py(A x B) = P}(A)P2(B) for each 6 € © and measurable
A C X1, B C X2. Then, agents commonly learn.

Cripps et al.| (2008) proves this proposition using a result from Monderer
and Samet| (1989) (adapted to the present learning context).

Lemma 2. Agents commonly learn if and only if for every 6 € ® and q € (0,1),
there is a sequence of events Fy and a period T such that forall t > T,

(a) F; C B](0) (“0 is g-believed on F; at time t”)
(b) Py(F;) > q (“probability of F; is sufficiently high”)
(c) F; C BZ(Ft)for i =1,2 ("F is evident g-belief at time t”)

We'll now prove Proposition

Proof. Henceforth write {6} for the event {8} x X*. Define F; = {6} N Btﬂ ()
to be the set of states at which 6 is true and both agents ,/g-believe it. We’ll
verify that the conditions of Lemma [2| hold for the sequence of events (F;)$ ;,
from which Proposition [21] follows.

First observe that

F, C th/ﬁ (0) by definition of F;
C B(0) since 4 < /7

yielding Part (a) of Lemma P2} Part (b) holds since individual learning implies
that there exists T < oo such that for both agents i =1, 2,

Py (Bﬁ(e)) >§ Vt>T

and thus
Py(E) = Py (31{7(9)) Py (Bf(@)) >q Vt>T

from the assumption of conditional independence.
It remains to show Part (c). First rewrite the set B (F;) as follows:

Bl.(F) = {w | E[1g | H1i] > q)} by definition of B,
= {w | E [ﬂBf(e)ﬂBf(G)ﬂ{Q} ] 7—[“} > q} by definition of F;
= {“’ Lo B ooy | Hae] 2 ”7} since B/ (0) € Fi
= B(0) n B], (BY"(6) N {6})

By definition we have that F; C Bi{ﬁ (0). As above, individual learning implies
existence of T sufficiently large that Py (Bf (9)) > /q for all t > T. Since
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signals are conditionally independent, agent 1’s history is uninformative about
agent 2’s history, implying that

Po (By(0) | Har) > /4 (64)

holds uniformly across agent 1 histories (for all t > T). So on F; (for t > T) we
have

P(By(0) N {6} | Hy) = Po(BY(8) | Hu)  P(6|Hi) >
>/q by >,/q since FtQBI{E(G)

Apply Lemma 2| and we are done. m

ReMARK 6.3. This proof extends for arbitrary finite numbers of agents, setting
F = {6} nBY(6).

Although common learning is implied by individual learning when agents
have either perfect information or no information about the other agent’s his-
tory, intermediate cases of correlation can break this result.

ExampLE 6.2. (Twist on Rubinstein (1989)’s email game.) The unknown pa-
rameter is 0 € {0,0”}, where 0 < 6’ < 6" < 1. Suppose that every period a
signal profile is independently drawn according to:

Probability Agent-1 Signal Agent-2 Signal

6 0 0
e(1—6) 1 0
(1—¢)e(1—0) 1 1
(1—¢)%(1—0) 2 1
(1—¢)%(1—-0) 2 2
(1—e)*e(1—0) 3 2
(1—¢)%(1—0) 3 3

This signal structure generalizes the information structure in the email game
from Section where 6 = 1 corresponds to state 2 in the email game and
f = 0 corresponds to state b.

Agents observe repeated independent realizations of the signal. Will they
commonly learn the game parameter? When 6 is restricted to values 0 and 1
(as per Rubinstein| (1989)’s email game), the answer is yes.

ExERCISE 6.2 (G). Prove that common learning occurs if 6 € {6',6"} = {0,1}.
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But common learning fails whenever 0 < 6’ < 6” < 1 as agents cannot
commonly learn 6", the parameter placing more weight on the lower signal
realizations. Intuitively, when 1 sees the signal k, then he believes with some
probability (that can be uniformly lower bounded across histories) that 2 has
also observed at least k. And if 2 observes k, then he believes with some proba-
bility (that again can be uniformly lower bounded) that 1 observed k + 1. Since
the number of signal realizations is infinite, there is unbounded contagion up-
wards: The agent always believes with some probability that the other agent
believes with some probability that he has observed. ..such a large signal that
he believes that the state is (very likely to be) §’. And thus we cannot establish
common g-belief of 8" for large 4.

The main result in Cripps et al. (2008) establishes that infinite signal re-
alizations are critical to the previous counterexample. When the number of
signal realizations is finite, then individual learning always implies common
learning.

Assumption 6 (Finite Signal Sets). |X'!|, |X?| < oo

Proposition 22. If Assumption [6]is satisfied, then individual learning implies com-
mon learning.

A brief idea of the proof follows. Define 7t(ij) to be the probability of
1, x?) = (i,j) when the parameter is 6, and define

realization (x;, x;
¢ = 3 )
jex?

to be the marginal probability of signal i, with ¢* = (¢%(i));c41. Likewise
define
$() = Y (i)
iex?
to be the marginal probability of signal j, with ¢ = (y° (]))]e x2. Then (by
the results in Section |6.3), individual learning follows whenever ¢? # ¢ and
¥? # ¢ for every 6 £ 6.

Define ¢ to be the empirical frequency of agent 1 signals and ¢ to be the
empirical frequency of agent 2 signals. Under the assumption of individual
learning, empirical frequencies must converge to the theoretical frequencies,
i.e., for each parameter 0, ¢; — ¢’ and ¢ — ¢’ Py-almost surely. Thus each
agent eventually assigns a high probability to true 6.

The crucial next step is establishing that when agent 1 assigns a high prob-
ability to 6, he believes that agent 2 does as well (and vice versa). To see why
this might be the case, let M¢ be the |X'!| x |X2| matrix whose (i, j)-th entry
0 (ij
#
that agent 1 observed i, and define M§ analogously. Then $:M¢ is agent 1's
expectation of agent 2’s realized frequencies (conditional on ), and cf)tM$ Mg is

is

, i.e. the conditional probability (under 6) that agent 2 observes j given
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agent 1’s expectation of agent 2’s expectation of agent 1’s realized frequencies
(again conditional on ). Observe (by algebra) that

0 A 10 0
¢"Mj =
0 A 10 0
My = ¢
so p'MIMS = ¢°. Indeed the matrix M¢, = MIMS is a Markov transition
matrix on X! with stationary distribution ¢, and it is moreover a contraction
mapping on A(X!). These properties together imply that the higher order be-

liefs cannot run away from the agent’s first-order belief as they did in Example
6.2

6.7 Additional Exercises

EXeRrcIsk 6.3 (G*). Let 6 ~ N(0,1) be an unknown parameter. Each agent i = 1,2
observes n signals X3,. .., X!, where each

X, =0+,

with €, ~ N(0,1) independent of 0, independent across agents, and independent
across signals. Suppose that the true value of 0 is strictly positive, and let E, be the
event that the two agents have common p-belief that 8 is positive, where p > 1/2.
What is the probability of E, under the actual data-generating process?



