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Algorithms are increasingly used to guide
high-stakes decisions about individuals (for
example, which patients to treat, or what
kind of loan to offer a prospective bor-
rower). Consequently, substantial interest
has developed around defining and mea-
suring the “fairness” of these algorithms
(Roth and Kearns, 2019; Barocas, Hardt
and Narayanan, 2023).
These definitions of fair algorithms share

two features: First, they prioritize the role
of a pre-defined group identity (e.g., race
or gender) by focusing on how the algo-
rithm’s impact differs systematically across
groups.1 Second, they are statistical in na-
ture; for example, comparing false positive
rates, or assessing whether group identity
is independent of the decision (both viewed
as random variables).
These notions are facially distinct from a

social welfare approach to fairness, in par-
ticular one based on “veil of ignorance”
thought experiments in which individuals
choose how to structure society prior to the
realization of their social identity. In this
paper, we seek to understand and organize
the relationship between these different ap-
proaches to fairness. Can the optimization
criteria proposed in the algorithmic fairness
literature also be motivated as the choices
of someone from behind the veil of igno-
rance? If not, what properties distinguish
either approach to fairness?
We review the algorithmic fairness ap-

proach in Section II, and the social welfare
approach in Section III. We show in Sec-
tion IV that these approaches are funda-
mentally different. We conclude by propos-
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ing a framework that nests both approaches
in Section V.

I. Setup

There is a population of subjects each de-
scribed by three variables: a covariate vec-
tor X ∈ X , a type Y ∈ Y (i.e., what the al-
gorithm would like to predict), and a group
identity G ∈ G. For simplicity of exposi-
tion, we assume the sets X , Y, and G are
finite. The population distribution relating
covariate vectors, types, and group identi-
ties is denoted by µ ∈ ∆(X × Y × G).
Each subject receives a decision from the

finite set D as the (randomized) output of
an algorithm a : X → ∆(D). Together with
µ, each algorithm a pins down a full joint
distribution P ∈ ∆(Ω) over the entire state
space Ω = X × Y × G × D. We define
Pµ ⊆ ∆(Ω) to be the set of feasible distri-
butions that can be implemented by some
algorithm a given the population distribu-
tion µ. A Designer chooses from the set of
feasible distributions Pµ.

2

II. Fair Algorithms

In a popular approach in the algorithmic
fairness literature, the Designer maximizes
a measure of the accuracy of the algorithm
subject to a fairness constraint. The primi-
tives of this approach are an accuracy mea-
sure v : D × Y → R, and a fairness con-
straint (which we elaborate on below). The
Designer solves the optimization problem

sup
P∈Pµ

EP [v(D,Y )] s.t. (∗)(1)

where leading choices of the fairness con-
straint (∗) include the following (see e.g.,
Mitchell et al. (2021) for a reference):

2This is equivalent to choosing among algorithms

but more convenient for the subsequent exposition.
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Definition 1 (Equalized Odds). D ⊥⊥ G |
Y .

Definition 2 (Equality of False Negatives).
D ⊥⊥ G | Y = 1.

Definition 3 (Equality of False Positives).
D ⊥⊥ G | Y = 0.

Definition 4 (Statistical Parity). D ⊥⊥ G.

Algorithms that satisfy these fairness
constraints are sometimes viewed as “non-
discriminatory.” Under this interpretation,
the Designer first commits to choosing a
non-discriminatory algorithm and subse-
quently maximizes accuracy among them.
The prioritization of a non-discriminatory
algorithm may reflect the designer’s intrin-
sic preferences or external constraints (e.g.,
imposed by policy, law, or public opinion);
the optimization problem in (1) is consis-
tent with either interpretation.

III. Social Welfare Approach

The approach discussed above is quali-
tatively different from a long tradition in
moral philosophy and economics, which in-
stead measures social welfare by aggre-
gating utilities across individuals in soci-
ety. Here, fairness considerations stem from
contemplating how an individual would
choose to structure society prior to the re-
alization of the individual’s own identity
(Harsanyi, 1953, 1955; Rawls, 1971). From
behind this “veil of ignorance,” a preference
for fairness can be micro-founded as risk
aversion over the realization of identity. We
review a formalization of this approach.
The Designer forms preferences by con-

sidering a hypothetical individual whose
identity has yet to be realized. The pos-
sible identities are indexed by i ∈ I (each
realized with probability pi), with ui de-
noting the eventual utility under identity i.
The individual’s ex-ante payoffs, aggregat-
ing over the possible identities, are given by∑

i∈I piϕ(ui) for some concave and strictly
increasing function ϕ : R → R.3

3For an axiomatization and further discussion of this

representation, see Grant et al. (2010).

When ϕ is linear (corresponding to risk-
neutrality), this representation returns util-
itarianism, à la Harsanyi. Strict concav-
ity of ϕ corresponds to risk aversion over
which identity one assumes following the
lifting of the veil of ignorance, and char-
acterizes a preference for fairness. For ex-
ample, if ϕ(u) =

√
u and there are two

equally-likely individuals, then the “more
fair” utility vector (u1, u2) = (2, 2) is pre-
ferred over the “less fair” utility vector
(u1, u2) = (1, 3). An infinite risk-aversion
limit returns Rawls’ preferred perspective,
in which social outcomes are evaluated
based on the most disadvantaged individ-
ual, i.e. mini∈I ui.

4

This framework can be adapted to accom-
modate a group-based notion of fairness.
To do this, we extend the thought exper-
iment and suppose our Designer adopts the
perspective of an individual behind the veil
who anticipates a compound lottery: First,
group identity is realized, and then a sec-
ond lottery determines the remaining char-
acteristics. If the individual has different
risk preferences over the two-stages of the
compound lottery, the Designer will solve
the following maximization problem

sup
P∈Pµ

∑
g

pgϕ (U (Pg))(2)

where Pg denotes the conditional distri-
bution of P given G = g and U(Pg) =
EPg

[u(D,Y )] is the expected utility of group
g.5 Concavity of ϕ now reflects aversion to
group-identity risk.

IV. Comparing the Two Approaches

We first demonstrate in a simple example
that the two approaches can be incompati-
ble.

Example 1. The population is divided
equally into two groups G ∈ {0, 1}. The
type Y ∈ {0, 1} is an indicator for whether

4Let ϕ(u) = −u−γ and consider preferences in the
limit as γ → ∞.

5This setup and representation resemble models of

second-order expected utility; see Kreps and Porteus

(1978). We could also allow U(·) to capture different
risk preferences over the remaining covariates, and do

not expect our results to change.
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a patient needs treatment, and the deci-
sion D ∈ {0, 1} is an indicator for whether
the patient is treated. The only observ-
able covariate is X = G, so the decision
D is the (random) outcome of an algorithm
a : G → ∆({0, 1}).
There is a δ ∈ (1/2, 1) such that the pop-

ulation distribution µ satisfies

(3) µ(Y = j | G = j) = δ

for both j ∈ {0, 1}. That is, most mem-
bers of group G = 1 need treatment, while
most members of group G = 0 do not need
treatment.
Consider two Designers. The first solves

the constrained optimization problem in (1)
given the Equalized Odds constraint in Def-
inition 1 (D ⊥⊥ G | Y ). We leave the accu-
racy measure v unspecified.
The second is our social welfare Designer

who solves the maximization problem in
(2), endowed with utility function u(d, y) =
1(d = y) and any concave and strictly in-
creasing ϕ.

Claim 1. In Example 1, any solution to the
constrained optimization problem (1) is not
a solution to the social welfare problem (2),
and vice versa.

PROOF:
Since the only covariate on which the al-

gorithm conditions is group identity, each
algorithm can be identified with a pair
(q0, q1) ∈ [0, 1]2 where qg = Pg(D = 1).
Since every pair is feasible, it is possible
for the social welfare Designer to optimize
for the expected utilities of the two groups
separately. His payoff is maximized by set-
ting q1 = 1 and q0 = 0, yielding a payoff
of 1

2
ϕ(δ) + 1

2
ϕ(δ) = ϕ(δ). This algorithm

clearly fails Equalized Odds. In contrast,
an algorithm satisfies Equalized Odds if and
only if q0 = q1 ≡ q.

In this example, the two Designers are in
conflict. The social welfare Designer prefers
to treat everyone in group G = 1 and no
one in group G = 0, but this algorithm fails
Equalized Odds and so is unacceptable to
the constrained optimization Designer.
In the other direction, any algorithm that

satisfies Equalized Odds leads to a lower

payoff for the social welfare Designer. How
large is the loss? We showed in the proof of
Claim 1 that the social welfare Designer’s
preferred algorithm gives him a payoff of
ϕ(δ). In contrast, any algorithm that satis-
fies Equalized Odds gives the social welfare
Designer a payoff of

1

2
ϕ (qδ + (1− q)(1− δ))(4)

+
1

2
ϕ ((1− q)δ + q(1− δ)) .

Since ϕ is concave, Jensen’s inequality im-
plies that (4) is less than

ϕ

(
1

2
δ +

1

2
(1− δ)

)
= ϕ

(
1

2

)
< ϕ(δ)

where the inequality follows from our as-
sumptions that δ > 1/2 and that ϕ is
strictly increasing.
Thus, not only is the social welfare De-

signer’s payoff strictly lower under the con-
strained optimization algorithm, but inter-
estingly the disparity in payoffs becomes
larger the more the social welfare Designer
cares about fairness (i.e., the more concave
ϕ is). So the normative content of the two
approaches about fairness are qualitatively
different: Not only do the Designers have
different optimal algorithms, but their fair-
ness objectives push them in contrasting di-
rections.
We observe finally that the disagreement

between designers cannot be resolved by re-
laxing the fairness constraint in the con-
strained optimization problem. To see this,
observe that the social welfare Designer’s
preferred algorithm perfectly correlates D
and G. Thus it not only fails Equalized
Odds, but would fail any moderate relax-
ation of Equalized Odds as well. For ex-
ample, if Equalized Odds is relaxed to the
condition that

|E[D | Y = y,G = 1](5)

− E[D | Y = y,G = 0]| ≤ ε.

for each y, then the statement of the claim
holds for all ε < 1.

We now show that these findings are not
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special to our particular specifications of
the two Designers (e.g., the choice of utility
in the social welfare approach or the con-
sideration of Equalized Odds as the fair-
ness constraint) but reflect a more gen-
eral tension between the approaches. To-
wards this, note that the Designer’s choices
can be modeled as a choice rule c :
∆(X ,Y,G) → ∆(Ω) specifying a feasible
distribution c(µ) ∈ Pµ for every popula-
tion distribution µ. Let Cco be the set of
choice rules for all constrained optimization
Designers, as we vary over the fairness con-
straints (∗) from Definitions 1-4 and all ac-
curacy measures v (with an arbitrary tie-
breaking rule).6 Let Csw be the set of choice
rules for all social welfare Designers, as we
vary over all concave and strictly increasing
functions ϕ and all nontrivial utility func-
tions u (defined below), again with any tie-
breaking rule.7

Definition 5. A utility function u : D ×
Y → R is nontrivial if not all types rank
decisions the same, i.e. u(d, y) > u(d′, y)
and u(d, y′) < u(d′, y′) for some d, d′, y, y′.

The following result says that the con-
strained optimization and the social welfare
approaches yield distinct choice rules.

Proposition 1. Any constrained optimiza-
tion choice rule is not a social welfare
choice rule, and vice versa, i.e. Cco∩Csw = ∅

PROOF:
It is sufficient to show that for every v,

(∗), nontrivial u, and strictly increasing and
concave ϕ, there exists a µ such that c(µ) is
different under the two approaches. We will
show this by construction, adapting Exam-
ple 1. We prove the result assuming binary
Y , G, andD, although the argument can be
extended otherwise. Suppose that X = G
and define qg = Pg(D = 1), observing that
each algorithm is again identified with the
pair (q0, q1).
By assumption that u is nontrivial, there

exist y0, y1 ∈ Y such that u(1, y1) > u(0, y1)

6If no feasible distribution satisfies the fairness con-

straint, then pick any feasible distribution.
7The subsequent Proposition 1 holds without the

concavity restriction but we maintain it for ease of com-

parability with the algorithmic fairness approach.

but u(1, y0) < u(0, y0). Consider a popula-
tion distribution µ where there is a δ such
that

µ(Y = yj | G = j) = δ

for each j ∈ {0, 1}. Then (2) reduces to
choosing (q0, q1) ∈ [0, 1]2 to maximize

1

2
ϕ((1− q1)δu(0, y1) + q1(1− δ)u(1, y0)

+ q1δu(1, y1) + (1− q1)(1− δ)u(0, y0))+

1

2
ϕ((1− q0)(1− δ)u(0, y1) + q0δu(1, y0)

+ q0(1− δ)u(1, y1) + (1− q0)δu(0, y0))

We can choose δ large enough such that the
unique solution is (q0, q1) = (0, 1). But each
of the fairness constraints in Definitions 1-4
is satisfied if and only if q0 = q1, so we have
the desired result.

The result does not say that social welfare
Designers and constrained optimization De-
signers never agree.8 Instead, for any social
welfare Designer and any constrained op-
timization Designer, there is some popula-
tion (i.e. µ) for which the Designers’ pre-
ferred distributions diverge. Since to our
knowledge neither view of fairness is pred-
icated on specific assumptions on the pop-
ulation, we interpret the approaches as in-
tended “universally,” and Proposition 1 as
thus establishing that the two approaches
are distinct.

Intuitively, the result follows because the
two Designers view fairness differently. The
constrained optimization Designer requires
conditional independence of certain vari-
ables given others, which is a statistical
property across the two groups. The so-
cial welfare Designer is instead concerned
with what the joint distribution of all the
variables implies for the utilities across the
two groups. When not all distributions on
the state space are feasible, these two ap-
proaches can be in conflict with one an-

8For example, if (3) in Example 1 were replaced
by µ(Y = 1 | G = g) = δ, then the algorithm that

treated everyone in the population would maximize the
social welfare Designer’s payoff, and also satisfy Equal-

ized Odds.
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other.
The challenge of micro-founding the con-

strained optimization approach using a so-
cial welfare narrative does not necessarily
imply that those approaches are misguided,
but does imply that they require novel jus-
tifications. We leave exploration of such
questions for future work.

V. A More General Framework

In this final section, we propose a gen-
eral framework that nests the two ap-
proaches. First note the constrained op-
timization problem specified in (1) can be
reformulated as

sup
P∈Pµ

EP [v(D,Y )]− h(Pg1 , . . . , Pgn)

where h is an indicator function that re-
turns infinite cost if the fairness constraint
(∗) is violated. For example, the Equalized
Odds constraint (Definition 1) can be ex-
pressed as

Pg1(D|Y = y) = · · · = Pgn(D|Y = y)

for all y. Similar expressions can be written
for the other constraints in Definitions 1-4.9

Extending this representation, we con-
sider the following maximization problem

sup
P∈Pµ

ϕ(EP [v(D,Y )])− h(P )

where ϕ(·) is a strictly increasing function
and h (·) is a measure of unfairness that
satisfies h (P ) ≥ 0 with h (P ) = 0 if Pg

is the same for all g. In addition to nest-
ing the constrained optimization problem,
this representation returns the social wel-
fare formulation when v = u, ϕ is concave
and

h (P ) = ϕ

(∑
g

pgU (Pg)

)
−
∑
g

pgϕ (U (Pg))

This unfairness measure h can be inter-
preted as comparing the utility of an in-
dividual whose identity is known to be

9The same holds for any relaxed versions of these

constraints, e.g. condition (5).

the expected group identity, versus the ex-
pected utility of an individual with a ran-
dom group identity. By Jensen’s inequal-
ity, h(P ) is always positive, and its value
is larger when the distribution over utili-
ties (induced by different realizations of the
group identity) is more dispersed. Alter-
native choices for the unfairness measure h
may generate novel preferences for fair al-
gorithms, and would be interesting avenues
for future research.
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