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Abstract

We study delegation to an Al that could be aligned—maximizing the de-
signer’s payoff—or misaligned—minimizing it. The designer asks the Al to
report how chosen covariates predict the outcome. Because the designer does
not know the AI’s alignment or the true relationship between covariates and
outcomes, they evaluate performance in both best- and worst-case scenarios.
We characterize the efficient frontier of achievable best- and worst-case payoffs.
Without any constraints on how covariates relate to outcomes, this frontier
is a single line segment: any gain in best-case performance requires an equal
sacrifice in the worst case, regardless of the designer’s strategy. When the de-
signer can bound covariate informativeness and select covariates accordingly,
the frontier improves, and optimal design exhibits a simple and interpretable

cutoff structure.
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1 Introduction

Misalignment is a first-order concern in current Al safety research and in emerging
policy discussions around deploying AI in high-stakes settings. Here, misalignment
refers to the concern that a highly capable, possibly “super-intelligent,” Al system
could and would pursue goals that conflict with the designer’s objective, and that the
AT’s misalignment may go undetected. Documented instances of Al deception (Park
et al., 2024), selective compliance with training objectives (Greenblatt et al., 2024),
and reward hacking (Baker et al., 2025) suggest that misalignment is not merely a
theoretical concern. Increasing adoption of Al to guide high-stakes decisions means
that even if the misaligment risk is small, the potential consequences of misaligned
AT could be large, with Chad Jones recently arguing for spending at least 1% of GDP
annually to mitigate this risk (Jones, 2025).

At the same time, declining to use Al altogether would also eliminate any potential
gains from Al capabilities. Delegating decisions to an AI therefore involves a basic
tradeoff: richer information can improve outcomes when the system is aligned, yet
can amplify harm when it is not. We study this tradeoff in a theoretical framework
where a designer chooses what information to disclose to an Al whose objectives may
be unknown.

Section 3 describes our model. A designer must choose whether to take a risky
action—such as administering a treatment—that benefits some individuals and harms
others. The population is partitioned into observable subgroups, and for each sub-
group the designer knows only a baseline probability that the action is helpful. The
designer can act using only this information, or they can seek guidance from a highly
capable Al system whose objectives are not known. In this interaction, the designer
asks the Al to report how specific additional covariates predict the outcome. The
designer chooses which covariates are given to the Al, and commits in advance to a
decision rule that maps the Al’s report into actions.

The key design lever in this model is the choice of covariates. Although the
designer does not know how covariates predict the outcome, the designer has an

ambiguity set for each covariate that constrains the inferences the AI could draw



from it. Some covariates come with loose bounds, meaning the designer thinks they
might be very informative, while others come with tight bounds, meaning the designer
believes they are at most weakly informative. If the Al were known to be aligned, the
designer would not select covariates they believed were only weakly predictive; when
alignment is uncertain, such covariates can play a useful role by limiting the impact
of potentially misleading Al advice.

We evaluate the designer’s best-case payoffs, attained when both Nature and the
Al act in the designer’s interests, and worst-case payoffs, attained when both are
adversarial. Our object of interest is the Pareto frontier of best-case and worst-case
payoffs that is traced out by varying the designer’s choice of covariates and decision
rule. The frontier characterizes the minimum losses under misalignment that are
required to attain any given level of performance under alignment. To study how
designers navigate this tradeoff, we also consider preferences that linearly aggregate
best- and worst-case payoffs.

Section 4 considers a benchmark case in which the designer’s ambiguity set con-
sists of all posterior beliefs consistent with the baseline information, so the Al is
effectively unconstrained in what it can report. In this setting, the efficient frontier is
a single line segment connecting two extreme points: The distrust point corresponds
to ignoring the Al altogether and acting solely on baseline subgroup probabilities.
The reliance point corresponds to delegating fully to the Al: in the best case, suf-
ficiently informative covariates allow perfect targeting within each subgroup, while
in the worst case the Al can induce maximally adverse targeting. A key feature of
this benchmark is that the frontier has constant slope: regardless of how covariates
are chosen, any improvement in best-case performance entails a fixed reduction in
worst-case performance.

Section 5 characterizes the efficient frontier in the full model, which allows the
designer to select covariates with different informativeness bounds. Within each sub-
group, the frontier remains a single line segment connecting a distrust point to a
reliance point (Panel (a) of Figure 1), but the location of the reliance point now

depends on the chosen bounds. Increasing informativeness improves best-case perfor-
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Figure 1: Panel (a): In any subgroup, moving from the distrust point D to the reliance point R raises
the best-case payoff but reduces the worst case payoff, and there is no curvature to the frontier. Panel
(b): The full frontier is piecewise-linear frontier with kinks where reliance on subgroups changes.
For each designer preference parameter, the optimal design implements the point marked in blue,
where the designer’s indifference curve is tangent to the frontier.

mance by enabling better targeting by an aligned Al, while potentially worsening the
tradeoff between best- and worst-case payoffs. We characterize the optimal informa-
tiveness bounds within each subgroup, and show that optimal design takes a cutoff
form, where subgroups are ordered by how balanced the baseline probability is. A
designer who puts sufficient weight on the worst-case payoff distrusts the Al for all
groups. As the designer’s objective shifts more weight onto the best-case payoff, the
designer first relies on the Al in subgroups where the baseline probability is nearest
to 1/2, and then extends reliance to subgroups where the outcome is more skewed.
This selective relaxation of informativeness generates a family of curved efficient fron-
tiers that fan out from the distrust point, reflecting the fact that additional upside is
achieved by accepting downside risk, beginning with the safest subgroups (Panel (b)
of Figure 1).

Beyond the treatment example, the framework applies to settings in which decision-
makers consult systems whose objectives cannot be fully verified and must decide how
much information to grant. By making information access a choice variable, the model

clarifies when deliberately constraining a system can be optimal.



2 Related Literature

Communication and Information Design. Our model can be viewed as a game
with three players: the designer, an aligned AI, and a misaligned AI. It draws on
elements of both cheap talk (Crawford and Sobel, 1982) and information design (Ka-
menica and Gentzkow, 2011; Bergemann and Morris, 2019).

As in the cheap-talk literature, both types of Al can send costless reports to the
designer. This is in the spirit of the multi-sender models studied by Battaglini (2002)
and Ambrus and Takahashi (2008), but in our setting the designer receives a single
report and does not know whether it originates from the aligned or misaligned type.
As emphasized by Ambrus and Takahashi (2008), restrictions on the report space
shape what can be credibly communicated.

The choice of an information environment is closely related to information design
(Kamenica and Gentzkow, 2011); however, in our setting the designer has an incom-
plete understanding of the data-generating process. As a result, the designer does
not choose a signal directly, but instead selects an ambiguity set that constrains the
AT’s possible reports. The closest related work is Lin and Liu (2024), which studies
a form of “credible persuasion” in which the receiver cannot detect deviations within

a prescribed set of signal distributions.

Partial Identification and Information Constraints Our analysis is also re-
lated to work on decision-making under partial identification, which studies envi-
ronments in which a decision maker has incomplete information about how outcomes
depend on observable characteristics and therefore faces a set of feasible models rather
than a single data-generating process. A classic example is the “ecological inference”
problem, in which only aggregated statistics are observed (Manski, 2018; Cross and
Manski, 2002). This literature characterizes the range of outcome distributions con-
sistent with limited information and analyzes policies that perform well across this
range. Recent applications—including in medical risk assessment—use these tools
to evaluate decisions under ambiguity about individual-level risk (Li et al., 2023;

Olea et al., 2025). Unlike this literature, which takes the identified set as given,



our framework endogenizes the identified set through the choice of covariates and

informativeness bounds.

Robust Decision-Making. Our analysis of worst-case and best-case payoffs is con-
ceptually related to the robust mechanism design literature (Bergemann and Morris,
2005), where the designer optimizes against worst-case type distributions. However,
our setting differs in that we face ambiguity over both the AI’s alignment and the re-
lationship between covariates and outcomes, and we characterize an efficient frontier
of payoff pairs rather than maximizing a single worst-case objective.

More broadly, decision-making under ambiguity has been studied using max-
imin and related criteria. Gilboa and Schmeidler (1989) formalizes maximin ex-
pected utility, selecting actions that maximize worst-case payoffs over a set of mod-
els. Other work allows for intermediate attitudes toward ambiguity by aggregating
best- and worst-case outcomes. Hurwicz (1951) introduces a criterion that maximizes
a weighted average of worst- and best-case payoffs, which Ghirardato et al. (2004)

generalized to interpolate between maximin and expected utility.

Overseeing AI At a high level, our question of how rich a set of attributes to let
the AT use is related to Athey et al. (2020)’s question of whether to delegate authority
to a human or an Al, because “delegating to a human” is equivalent to not letting the
AT use any attributes and basing the decision solely on the human’s information. It
is also vaguely related to the literatures on designing algorithms that reflect concerns
for fairness (Liang et al., 2026), privacy (Dwork et al., 2012; He et al., 2025; Strack
and Yang, 2024), and interpretability (Yang et al., 2024), as in all of these cases the
designer may be willing to restrict the allowed covariates or add noise to them.
Chen et al. (2024) studies delegation to a possibly misaligned AI. It proposes
putting the Al in testing environments without revealing whether the task being per-
formed is real or part of a test. When the Al has imperfect recall, and the principal
can conduct sufficiently many tests, the principal attains the first best via screen-
ing (misaligned types eventually slip) and disciplining (they behave well to avoid
detection). Like us, Collina et al. (2024) consider the question of whether it is pos-
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sible to accrue benefit from interaction with possibly misaligned AI. They show that
in fact interaction with competing (and diverse) misaligned Al can yield outcomes

comparable to interacting with an aligned Al
3 Model

3.1 Basic Environment

Let Y = {0, 1} be a binary set of types and A = {0, 1} be a binary set of actions. We
interpret Y = 1 as meaning a treatment is effective and A = 1 as a decision to treat,
although the model applies more broadly. There is a human designer (they) and an
AT agent (it). The designer’s payoff function is

1 if (a,y) = (1,1)
U(CL, y) = 0 ifa=0
Thus action a = 0 is “safe” while the payoff to action a = 1 depends on the true type.

There is a finite set of subgroups & with population distribution u. For each
subgroup s € §, the designer knows the baseline probability

pe = P(Y =1|8=s).

For example, if S indexes age groups, then p is the population distribution over
age groups and p, is the probability of treatment success for patients in group s.

Throughout, S, i, and (ps)ses are fixed primitives.

3.2 Delegation to an Al

The designer may request guidance from an Al agent. Ex ante, the designer commits
to an information environment for the Al, and a decision policy for responding to the

AT’s report.



Information environment. We assume there is a rich universe of covariates that
the designer can provide to the AI, which differ in how they are distributed across
subgroups, and what the designer knows about how they predict treatment success.
Formally, we suppose that the designer can choose any information environment,

defined as follows.

Definition 1 (Information Environment). An information environment is a tuple I =

(X, v, T) where
(a) X is a finite set of auxiliary covariates,
(b) v € A(S x X) satisfies margg v = u, and

() T = (T4, Ts)ses satisfies 0 < 7, <p, <7y < 1forall s €S.

The set X' consists of the possible values of the auxiliary covariates. The distribu-
tion v is the joint distribution of covariates and subgroups. The 7 vector represents
the designer’s knowledge about the predictive content of the covariates. Specifically,

for each s € §, the designer knows that
PY=1|S=s,X=ux)€|r,7s forallzeX.

Thus (74, 7s) bounds the range of posteriors the Al could form for subgroup s after
observing the auxiliary covariates.

These bounds capture how strongly the auxiliary covariates can influence deci-
sions within each subgroup. When 7, = 0 and 75, = 1, the designer considers the
covariates potentially arbitrarily informative—for example, the Al might observe sig-
nals that nearly perfectly distinguish patients who benefit from treatment from those
who do not. At the other extreme, when (7, 7;) is tightly concentrated around the
baseline probability ps, the covariates are known to be at most weakly informative:
conditioning on X cannot substantially shift beliefs away from pj.

A designer who fully trusts the AI would prefer to supply covariates with no
bounds on informativeness. When the designer is concerned about misalignment,

however, highly informative covariates also create scope for harmful targeting. As we



show below, this tradeoff can make it optimal to choose covariates that the designer
knows are uninformative by tightening the bounds 7.

The designer knows p and (p;)ses, and considers any joint distribution for (S, X,Y)
that is consistent with these constraints to be possible:
Definition 2. For any information environment [ = (X, v, 7), the joint distribution

P e A(S x X x)) is I-admissible if:

1. margg, v P=v
2. P(Y=1|S5=s)=p,forevery s €S

3. 7, <PY=1|S=s5X=x) <7, forevery (s,z) € S x X
The set P(I) consists of all /-admissible distributions.

When (7,,7s) = (0,1) for each s, this set is identical to the set of permitted
distributions in Lin and Liu (2024)." This can also be seen as an identified set in the
sense of Manski (2003).

The timing is as follows. First, the designer commits to an information environ-
ment [ and a decision policy o, which is a map from P := A(S x X x )) to A, where

A is the set of action rules

a:Sx X —10,1].

and «(s,x) is the probability of choosing action 1 for an individual in subgroup s
with covariates x. Next, the Al observes (I,0) and selects a report P € P. Finally,

the designer implements the action rule ap := o(P).

3.3 Best and Worst Payoffs

Given an Al report P and true distribution P*, the designer’s expected payoff under
policy o is
U(P*,P,o) = Ep«[u(ap(S,X),Y)].

1Lin and Liu (2024) considers a set of states O, a set of reports M, and an information structure
A € A(© x M), and defines D(A) := {N € A(© x M) : Xy = Xo, N}, = Am} to be the set of
information structures that cannot be distinguished from A given the marginal distribution over
states or reports. Definition 2 constructs the same set for the conditional distribution over ) and
X given each s € S.



The Al is either aligned and seeks to maximize the designer’s payoff, or misaligned
and seeks to minimize it. In either case, the Al observes the true distribution P* as
well as the designer’s policy ¢.2 The designer does not observe P* and does not know
the AD’s type.

We study two extremes. The worst-case payoff (pessimism about both Nature
and the AI) is

= inf inf U(P*, P
vr(0) P*lenP(I)lyéPU< bro)

corresponding to Nature choosing P* adversarially and a misaligned, omniscient Al

choosing the most harmful report given P*. The best-case payoff (optimism about
both Nature and the AI) is
(o) = sup supU(P*, P, o)
P*eP(I) PEP

corresponding to Nature choosing the most favorable admissible P* and an aligned
AT selecting the most helpful report. (When both Nature and the AI have the same
objective the order of their moves does not matter.)

Each choice of (I, o) yields a payoff pair (v;(c),v;(c)) describing worst- and best-
case performance. Our main results characterize the efficient frontier of payoff pairs

(v;(0),77(0)) that are generated by choices of (I,0) and their randomizations.

Definition 3 (Feasible pair). A pair (I, ) is feasible if I is an information environment

and o is a decision policy, as defined in Section 3.2.

Definition 4 (Efficient frontier). Let
C' = conv {(yl(a)j[(a)) : (1,0) feasible}

denote the convex hull of feasible worst- and best-case payoff pairs, where convexifi-

cation corresponds to ex ante randomization over (I, ). The efficient frontier is

F = {(Q,E) € C: P, 7)€ Cst. v >v, ¥ >7, and at least one strict}.

2The AI need not infer P* from data; for example, it may have a structural understanding of
how outcomes are generated.



Because the feasible set is convex, and the efficient frontier is part of its boundary,
the extreme points of the efficient frontier are optimal for designers whose preferences

are a weighted sum of worst-case and best-case payofts, i.e.

nur(o) + (1 —n)vr(o)

for n € 10,1].%

4 Special Case: Unrestricted Informativeness
We first characterize the efficient frontier in the special case in which
(1,,7s) = (0,1) for all s € S.

Here the designer has no information about how (S, X) relates to Y beyond P(Y |
S), so there is no scope to select covariates based on predictive content, and the
characterization simplifies.

Define the T-attainable payoff set
C, = conv {(Q](a),m(a)) : (I, 0) feasible and I has bounds T}.4
and the 7-frontier
F, = {(y, 7)€ Cr: (0, 0) € Cr s.t. v/ > v, ¥ >, and at least one strict},

and let 7 := (0, 1)I¥! denote the vector of unrestricted informativeness bounds.
Section 4.1 defines important benchmark payoffs, and Section 4.2 describes the

To-frontier.

30ne interpretation is that the designer is an expected utility maximizer, and  and 1 — 7 are
the probabilities that the AI is misaligned or aligned.
4An information environment I has bounds T if I = (X, v,T) for some (X, v).
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4.1 Benchmark Payoffs

Consider binary random variables (A,Y) with Pr(A = 1) = ¢ and Pr(Y = 1) = p,
where A denotes treatment and Y denotes treatment success. Given fixed marginals
(p, q), the designer’s expected payoff depends entirely on how treatment is targeted
toward those who benefit. The two polar cases correspond to maximal positive and

maximal negative dependence between A and Y.

Definition 5 (Best and Worst Targeting). Fix p,q € [0,1]. Let 7 range over joint
distributions of (A,Y’) with marginals 7(A = 1) = ¢ and (Y = 1) = p. The
best-targeting payoff is

bolg) = sup Er[u(A, Y],

and the worst-targeting payoff is
wy(q) :=1inf E [u(A,Y)].

Under best targeting, treatment is concentrated as much as possible on individuals
who benefit: Pr(A = 1,Y = 1) = min{p,q}. Under worst targeting, treatment is
concentrated on those who do not benefit whenever feasible: Pr(A = 1,Y = 1) =

max{0,p+ g — 1}. (See Figure 2 for an illustration when ¢ = p.)

0 172 1 0 2 p !
r | [ 7 | [ 1-p [2p-1] 1-p
P
(a) (b)

Figure 2: Yellow cells indicate patients who need treatment; blue cells indicate patients who
are treated. Panel (a): Counter-monotone case when ¢ = p < 1/2: treated and untreated
populations are disjoint. Panel (b): Counter-monotone case when ¢ = p > 1/2: minimal
overlap between treated and those needing treatment.

Substituting these bounds into the payoff function yields the following character-

1zation.
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Lemma 1. For any p,q € [0,1],

q, p=q, —q, p<1-—gq,
bp(q>: wp(q):
2p—yq, p<gq, 2p+q—2, p>1—gq.

In particular, when q = p,

D p < %a
bp(p) =p,  wy(p) =
3p—2, p>

N =

The kinks in these payoff functions reflect feasibility constraints imposed by the
fixed marginals: when the treatment rate ¢ > p, even optimal targeting requires
treating some individuals who do not benefit, while when p > 1 — ¢, even adverse
targeting cannot avoid treating some individuals who do benefit.

Finally let d(p) be the default payoff that the designer receives by choosing the

best constant action for all individuals.

Definition 6 (Default Targeting). For any p € [0, 1] let
d(p) = max{0,2p — 1}.

When p < 1/2 the default payoff corresponds to treating no one, and when p > 1/2

it corresponds to treating everyone.

4.2 The 1)-Frontier

We now use these benchmarks to characterize the efficient frontier of worst- and

best-case payoffs.
Definition 7 (Reliance Point). The reliance point is

R= (Z s+ w(ps), Z s - b(ps)>

seS seS
where 15 := p(s) is the prior probability of s.

The reliance point captures the maximal upside from delegation—perfect targeting

12



in each subgroup—together with the maximal downside risk that arises if the Al acts

adversarially.

Definition 8 (Distrust Point). The distrust point is

D= <j£:/h;'d(ps)aji:/h;'d(ps))

seS SES

At the distrust point, the designer forgoes any potential gains from the Al in
exchange for complete protection against manipulation, resulting in identical best-
and worst-case payoffs.

The following result—a special case of the subsequent more general Theorem 1—

characterizes the my-frontier.

Proposition 1. The Ty-frontier is the line segment of slope —1 that connects the

reliance point R to the distrust point D.

Proposition 1 shows that the efficient frontier is a line segment with constant slope
—1. In this environment, neither information design nor policy design can alter the
rate at which best-case and worst-case payoffs trade off. Any increase in the best-case
payoff necessarily comes at an equal reduction in the worst-case payoff. While the
exact slope depends on the relative costs of false negatives and false positives, the
key point is that it is constant: there is no curvature to exploit, and no design choice
can relax this fundamental tension.

The two endpoints of the frontier correspond to extreme implementation choices.
At the distrust point D, the designer effectively shuts the AI out by collapsing the
auxiliary covariate X to a single value, eliminating both upside and downside from
delegation. At the reliance point R, the designer fully exposes herself to the Al
by allowing covariates that, in the best case, enable perfect targeting within each
subgroup, but that also permit maximal harm under adversarial behavior.

Because the frontier is linear, the optimal choice depends only on the relative
weight placed on worst- versus best-case outcomes. Designers with n > 1/2 optimally
select the distrust point, while designers with n < 1/2 optimally select the reliance

point. No intermediate choice strictly improves upon these extremes.
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Figure 3: The efficient frontier is a line segment with slope —1.

5 General Case

We now characterize the efficient frontier in our full model. Section 5.1 generalizes
the benchmark payoffs from Section 4.1. Section 5.2 characterizes the 7-frontier for
a fixed but arbitrary 7, thus generalizing Proposition 1. Section 5.3 then uses this
result to solve for the optimal design of 7. Section 5.4 uses the above to characterize

the resulting frontier.

5.1 Generalization of Benchmark Payoffs

Let 7 denote the joint distribution of the binary random variables (A, Y"). Define
I, :={re A{0,1} x {0,1}):z<n(Y =1|A=a) <T Vae{0,1}}

to be the set of all joint distributions for (A,Y") that satisfy the 7 constraints.

Definition 9 (Constrained Best and Worst Targeting). Fix p,q € [0,1] and 7 =
(r,7) € [0,1] x [0,1]. Let 7 range over II, with marginals 7(A = 1) = ¢ and
m(Y = 1) = p. The 7-constrained best-targeting payoff is

by(q;7) := sup E.[u(A4,Y)],

wellr
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and the 7-constrained worst-targeting payoff is

wy(q;7) = inf E;[u(AY)].

7T€H7‘

This definition is the analog of Definition 5 where the conditional success rate is
constrained to lie in [7,7]. When 7 = (0, 1), then b,(¢; 7) and w,(q; 7) reduce to the

original b,(q) and w,(q).

5.2 General 7-Efficient Frontier

Fix a vector of informativeness bounds 7 = (75)ses. We first characterize the efficient
frontier for a given subgroup s, and then aggregate across subgroups.

Within subgroup s, the designer knows that a fraction p, of patients benefit from
treatment, and (given 7) has posterior beliefs constrained to within [r,,7;]. These
informativeness bounds restrict how much the covariates can concentrate probability

mass at extreme posteriors. In particular,

g =2 Ls

TS _Is

is the largest share of subgroup s that can be assigned posterior belief 7, while
remaining consistent with the baseline probability ps. This quantity will play a central

role below, and we use

ws(T) = wy, (qs; Ts), bs(T) = by, (qs; Ts).

to denote the corresponding worst- and best-case targeting payoffs induced by the

bounds 7.

Definition 10. The subgroup s reliance point induced by bounds 7 is

Ry(1) == (wy(T), bs(7)),

and the subgroup s distrust point is

Dy = (ds, ds).
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Like the trust and distrust points defined in the previous section, these points will

define the endpoints of the efficient frontier.
Lemma 2. Fizx any subgroup s. Then:
(a) IfT,>1/2 or 7, < 3, the subgroup s frontier is simply the distrust point D;.

(b) Otherwise, the efficient frontier for subgroup s is the line segment that connects

the subgroup s reliance point Ry(T) to the distrust point D;.

If 7 < 1/2 then the AI cannot induce the designer to assign probability greater
than 1/2 to need of treatment, so the designer never treats. And if 7 < 1/2, then the
AT cannot induce the designer to assign probability less than 1/2 to need of treatment,
so the designer always treats. In either case, the subgroup frontier collapses to the
distrust point D (part (a)). Otherwise, the subgroup frontier is the line segment
connecting R¢(7) and Dy (part (b)).

We aggregate these subgroup frontiers into an overall efficient frontier by taking
the Minkowski sum of the subgroup frontiers, weighted by the subgroup distribution
i. The aggregate frontier takes the following form. Let A(s) denote the slope of the
line connecting R,(7) to D, which can be interpreted as the tradeoff between the

worst-case and best-case payoff. Order the elements of S as sV, ..., s where
A(s(l)) <. < A(s(k))

breaking ties arbitrarily. In this ordering, the segment connecting R, (7) to D) is
steepest at j = 1 and becomes progressively flatter as j increases; equivalently, the
marginal cost of improving the best-case outcome in subgroup s is increasing in j.
For convenience, write A; := A(sV)) and let S; = {sV),..., s} denote the first j
subgroups in this ordering.

We construct extreme frontier points by combining trust and distrust across sub-

groups. For each 7 =1,...,k, define the j-th reliance point to be

RU) — Z [ts - Ro(T) + Z fs - Ds.

s€ES; s¢S;
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To obtain RY), the designer implements the reliance point R,(7) for each subgroup
s € S, and the distrust point Dy for every other subgroup. Intuitively, R is the
outcome obtained by relying on the AI in the j subgroups where doing so has the

smallest worst-case cost, and reverting to the baseline in the remaining subgroups.

Definition 11. For any two points A, B € R? let AB denote the line segment connect-
ing these points, i.e., AB = {tA+ (1 —t)B :t € [0,1]}.

Theorem 1. The T-frontier is

DRM URMRE YUR@RB) Y- -- U RE=DRF)

This result generalizes Proposition 1 and coincides with it when 7 = 7. In that

case, every segment of the frontier has the same slope —1, so the frontier can be

written as the single line segment DR®*). Moreover R®) is precisely the reliance point

R defined in Section 4.

5.3 Optimal choice of 7

We now ask how a designer with preferences nv + (1 — 1) 7 optimally chooses the
bounds 7. In each subgroup, the optimal bounds exhibit a cutoff structure in #7:
for extreme preferences the designer chooses corner solutions, while for intermediate

preferences the bounds adjust smoothly.

Proposition 2. Fiz n € [0,1]. For each subgroup s, there are thresholds 0 < n, <

7, < 1 such that an optimal choice of (1,,Ts) has the following form:

(a) If ps < %, thenT; =1 for alln, and T equals 0 forn <1 _, equals ps for n =1,

and increases monotonically from O to ps as n ranges from n, to 7.

(b) If ps > %, then T3 = 0 for alln, and T3 equals 1 forn <1, equals ps for n > 1,

and decreases monotonically from 1 to ps as n ranges from n, to 1.

This proposition emphasizes the qualitative nature of the frontier; a complete char-

acterization can be found in Proposition B.1 in the appendix. Note that by Bayes
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plausibility, setting (z,,7s) = (ps,1) or (1,,7s) = (0,ps) is equivalent to setting
(14, 7s) = (ps, ps), because the posterior is constrained to equal to the prior.

For intuition, consider the case ps; < %; the case ps > 5 is symmetric. For any

2
choice of bounds 7, the subgroup-s frontier is a line segment connecting the distrust
point Dy = (0,0) to the reliance point Rs(7) = (ws(7), bs(7)). Thus the designer’s
choice of 7, affects outcomes only through the location of Rs(7) and the slope of the
segment connecting D to Rs(T).

The designer would like the reliance point to be as far to the “north” as possible.
This consideration pushes toward permissive bounds: lowering 7, and raising 7 allow
an aligned AI to concentrate treatment on patients most likely to benefit, thereby
improving the best-case outcome.

At the same time, the designer would like for the reliance point to be as far
“east” as possible, corresponding to a better tradeoff between worst- and best-case
payoffs: sacrificing a small amount of worst-case performance yields a relatively large
improvement in the best case. Both bounds matter for this slope. Raising 7, improves
the best case by allowing more precise targeting, while raising 7, improves the worst
case by limiting how poorly a misaligned Al can perform—even in the worst case, at
least a fraction 7, of treated patients truly benefit.

These considerations generate an asymmetry. Increasing 74 is unambiguously
beneficial: it improves the best-case payoff and steepens the frontier. In contrast,
increasing 7, involves a genuine tradeoff. Raising 7, limits the scope for a misaligned
AT and thereby improves worst-case performance, but it also constrains an aligned
AD’s ability to target effectively, reducing the best-case payoff.

The optimal lower bound 7% therefore balances these forces. When the designer
places extreme weight on either the worst- or best-case outcome, the optimal choice
lies at a corner solution: either imposing no restrictions, 7, = (0, 1), or imposing full
restrictions 7, = (ps, ps). For intermediate values of 7, the optimal 7% is interior and
adjusts smoothly with preferences. When p, > %, the logic is symmetric but reversed:
the key role of the bounds is no longer to identify whom to treat, but rather whom

to avoid.
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5.4 The Endogenous Frontier

We now characterize the efficient frontier under the designer’s optimal choice of in-
formativeness bounds 7. The resulting frontier has a simple cutoff structure, where
subgroups are ranked by how balanced they are, |ps — % . For any preference pa-
rameter 7, the designer relies on the Al for the initial subgroups in this ordering
and distrusts it for the remaining subgroups, with the location of this cutoff varying

monotonically with 7.

Definition 12. Order the elements of S as sV, ..., sl such that
o 1 1
1<) <= ’psm—g‘é‘psm—g}'

Proposition 3 (Cutoff structure of optimal trust). For every n € [0,1], there exists
a cutoff index J,, € {0, ..., |S|} such that the designer optimally implements the trust

point for subgroup sY) if and only if j < Jy. Moreover, Jy, is weakly increasing in 7.

To understand this cutoff, consider how the designer’s optimal choice of 7 changes
as the weight on worst-case performance varies. When n > maxscs7,, the designer
places overwhelming weight on worst-case payoff and thus optimally chooses a com-
pletely constrained information environment in which the AI has no scope to influence
the designer’s decisions. This results in a frontier that is simply the single distrust
point D.

As 7 decreases, the designer begins to allow informativeness selectively. The first

L. In

subgroup for which bounds are relaxed is the one with the smallest |p, — 5|
this subgroup, a misaligned AI has the least ability to cause harm, so the designer
faces a better tradeoff between the best-case and worst-case payoffs. Relaxing 7, for
this subgroup creates a nondegenerate subgroup frontier, and the designer optimally
selects its reliance point. At this stage, the aggregate frontier consists of a single line
segment.

As n falls further, the designer adjusts 7 along two margins. First, additional

subgroups enter the reliance set, so their frontiers also become nondegenerate. Second,

for subgroups where Al is already being relied on, the bounds are relaxed further.
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Both adjustments improve the best-case payoff by allowing more precise targeting,
but at the cost of a flatter worst—best tradeoff. The optimal balance between these
effects determines how many subgroups are trusted at any given 7.

Finally, when n < minges UR the designer optimally chooses fully permissive
bounds 74 = (0, 1) for every subgroup. In this limit, the efficient frontier coincides
with the benchmark frontier characterized in Section 4.

The following example illustrates the result.

Example 1. A hospital uses an Al system to guide decisions about which patients
should receive a risky medical procedure. Patients are partitioned into three sub-
groups by age, with the following table denoting the baseline probability that the
treatment is needed in each subgroup. The hospital’s utility function is nv+(1—n) o,
where larger 7 corresponds to higher weight on the worst-case payoff.

Table 1 illustrates the cutoff structure characterized in Proposition 3.

Table 1: Optimal trust by subgroup

s ps  ps =3l n<n® W <n<g® @ <p<n® p>n@
18-39 0.52 0.02 Trust Trust Trust Distrust
40-75 0.70  0.20 Trust Trust Distrust Distrust
75+ 0.10 0.40 Trust Distrust Distrust Distrust

Figure 4 illustrates how the efficient frontier in Theorem 1 varies with the pref-
erence parameter 17: When n < 7 the hospital is relatively best-case oriented and
optimally relies on the Al in every subgroup. As 7 increases past n", the hospital
first withdraws trust in the 75+ subgroup (the group with largest [ps — 0.5|), while
continuing to rely on the Al for the other age groups. When 7 increases past 7(?), it
next withdraws trust in the 40-75 subgroup, so that the Al is trusted only for the
18-39 group. Finally, when 1 > n® worst case concerns are strong enough that the

hospital distrusts the Al for all subgroups.
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Figure 4: The solid curves depict the frontier (with optimal informativeness bounds)
for different n’s. bounds (7,,7s). The frontiers “fan out” from the distrust point as
n decreases: lower 1 (more weight on best-case payoff) yields frontiers that extend
further toward high ¥ but with steeper slopes. Stars indicate the optimal point on
each frontier, and dashed lines show the supporting hyperplanes.

6 Conclusion

Our analysis leaves open several interesting questions for future work. First, this
paper considers a completely aligned or completely misaligned AI. It would be inter-
esting to formalize “partial alignment” and explore what its consequences would be.
Second, we conduct our analysis in the simplest possible decision setting: a one-time
decision of which patients to treat. Future work could consider repeated interaction
with an Al and more general state spaces and payoff functions. Third, we suppose
that Nature’s choice of distribution (i.e., the true relationship between attributes and

treatment need) is as favorable or unfavorable as possible. Future work could relax
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this assumption by constraining the space of conceivable distributions given other
observables, for example by supposing that our informativeness bounds 7 and 7 are

a function of the richness of the covariate space X.

A  Proof of Theorem 1

A.1 Preliminary Results

Lemma A.1. Fiz any p,q € [0,1] and 7 = (,7) € [0,1] x [0,1]. Let

¢ =—=.
T—1T
Then
q(27 - 1) if ¢ < q*
bp(q;7) = , .
2p—2(1—q)r—q ifqg>q
q(2r —1) ifq<1—q
wp(Q§7'):

20 —2(1—q)T—q ifg>1—q".
Corollary A.1. Fiz any subgroup s and let

pS _Is

?S _IS

qs =
Then

b(S) = bps (q877—8) =ds- (2?5 - 1)

QS'(st_l) qu5§1/2

w(s) 7= Wpy (q577—8) = 2(ps . F) + qs - (2? — 1) Zf qs > 1/2'

Proof. The designer’s objective is

E:u(A,Y)=m(A=1Y=1)—n(A=1Y =0)
=r(A=1)2-7(Y =1|A=1)—1).
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Let mp :=7n(Y =1|A=1)and mp:=7n(Y =1| A=0). Since 7n(A =1) =qis
fixed, the objective reduces to ¢(2m; — 1), and the optimization problem is equivalent
to finding the maximal and minimal feasible values of 7.

The constraints on 7 translate into the following constraints: First, the law of

total probability for p = 7(Y = 1) implies
qm + (1 — q)m = p. (A.1)
Second, T-admissibility of 7 requires
T<m<T and 7T<m <T. (A.2)

If ¢ = 0, the designer’s payoff is 0, which is consistent with the expressions in the

result. If ¢ > 0 then (from (A.1))

p—(—a)m
q

m™m =

As mp ranges over [, 7], the corresponding values of 7 lie in the interval

{p—(l—Q)? p—(l—qt}

?

q q

The feasible set for 7 is then the closed interval

{p—(l—Q)? p—(l—Q)z] Az

Y I?T'
q q

Since the objective ¢(2m — 1) is monotone in 7, its extrema occur at the endpoints:

_ .{_p—(l—q)z} _ { p—(l—q)?}
m; = min T,T , T = max I,T .

Comparing the two arguments of 7, we have

p—(1-qr
q

i
|
=

*

>T <= p>1+q(T—17) < ¢<q¢" =

al
|
!
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Thus

by(q;7) =
2p—201—q)r—q, q>q"
Likewise, comparing the two arguments of m,
—(1=0q)F
Q—L—@I§z<=>p§qr+ﬂ—®?<=>qél—f-
q
Therefore,

q(2r — 1), q<1-—q",
wp(QET) = .
2p—2(1-q¢)T—q, ¢>1—¢"

A.2 Subgroup Frontier

Fix a choice of (I,0) and a subgroup s € S. Let p := ps denote the (known) fraction
of patients in the subgroup who need treatment, and let v denote the conditional
distribution of X | S = s. All random variables below are defined on the probability
space (X, F,v).

Since u(0,Y) = 0 and u(1,Y) = 2Y — 1, the designer’s payoff can be written as

where Y is the conditional probability of treatment need and A is the probability of
treatment. The 7-admissibility constraints imply that ¥ may be any random variable
satisfying

T, <Y <7, and  E[Y]=p.
Let Y denote the collection of all such random variables. The designer’s strategy
o restricts the set of implementable treatment rules to a collection A, of random

variables taking values in [0,1]. (Specifically, A € A, if and only if there exists a
report P € P such that A(z) = o(P)(s,x) for every x € X.)
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We can then define the worst- and best-case subgroup payoffs as
v=inf inf E,[A(2Y —1)],
YEY AeA,

v =sup sup E,[A(2Y —1)].
YEY A€,

Thus, within each subgroup, the problem reduces to an extremal problem over pairs
of random variables (A,Y") with fixed marginal constraints.

We derive three bounds on the feasible set of worst- and best-case payoff pairs
(v,7), showing they lie below the line segment RD as depicted in Figure 5. We then
construct explicit information environments and policies that attain every point on
this segment, proving these bounds are tight. Finally, we aggregate the subgroup-level
frontiers by taking their weighted Minkowski sum.

A.2.1 Bounds on the Feasible Set

Since s and 7 are fixed, write

Lemma A.2. The best case payoff satisfies v5 < b.
Lemma A.3. The worst case payoff satisfies v, < d.

Lemma A.4. Let ¢y :=b—d, ¢co :=d —w, and ¢3 := (b —w)d. Then every feasible
payoff pair satisfies

1 v+ c U< cs.

Taken together, Lemmas A.2-A.4 confine the feasible set to the intersection of
three halfspaces in the (v,7) plane: {v < b}, {v < d}, and {c;v + 2T < ¢3}. In
particular, every feasible payoff pair is dominated by some point on the line segment
RD. Crucially, these bounds depend only on (ps, Ts) and not on the particular choice
of (v,0). See the shaded region of Figure 5.

The trust point

R = (ug, Ur) = (w,b)
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y¥d

Figure 5: Any feasible (v,v) falls in the shaded region.

satisfies g = b and also
Vg + R = (b—d)w + (d — w)b = (b — w)d = c3
Thus it is the intersection of the lines ¥ = b and cyv + ¢ = ¢3. The distrust point
D = (d,d)

is the intersection of the lines civ + ¢o¥ = ¢3 and v = d. Thus every feasible point is
dominated by some point on the line segment RD.

It remains to show that this line segment is implementable, in which case it will
be the efficient frontier. To implement D, choose any X and let A be the constant
random variable A = 1(p > 1/2). Then E[A(2Y —1)] = (2p—1); = d. To implement
p—T

R, choose a binary covariate with Pr(X = 1) = ¢* := &=

. Choose the decision rule
that “follows the AI’s report” but caps treatment at a fraction ¢* of patients: That
is,if v({z: PY=1|S=5X=2)>1}) <g" then

ap(s,z) =1(P(Y =1|S=s,X=12)>1/2)

and otherwise let ap(s,-) treat exactly a v-mass ¢* of patients, chosen from among

those = with the largest reported values of P(Y = 1| S = s, X = z) (ties broken
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arbitrarily).?

We claim that under this policy, the set of joint distributions over (A,Y') induced
by I-admissible distributions coincides with Il with marginals 7(A = 1) = ¢* and
m(Y = 1) = p. Indeed, fix any admissible distribution P* and any AI report P.
Conditional on S = s, the action A = ap(s,X) is a [0, 1]-valued function of X,
hence it induces some treatment rate ¢ := E,[A] < ¢* and a joint law 7 over (A,Y)

satisfying
r<n(Y=1|A=a)<T Vae{0,1}, (Y =1)=p.

Conversely, because X is chosen by the designer and v(X = 1) = ¢*, for any 7 € II,
with 71(A = 1) = ¢* and 7(Y = 1) = p, we can realize 7 by taking X € {0,1} with
v(X =1) = ¢" and setting

P(Y=1|S=s,X=1)=n(Y=1]A=1)
P(Y=1|S=sX=0)=a(Y =1|A=0)

and choosing a report P for which the policy selects A = 1(X = 1). (For example,
the Al can report posteriors above 1/2 on X = 1 and below 1/2 on X = 0, which is
feasible whenever 7 < % <7.)

Therefore, the best- and worst-case payoffs induced by this construction are ex-
actly the extrema of E [u(A,Y)] over II, with marginals 7(A = 1) = ¢* and n(Y =

1) = p. By Lemma A.1, these extrema are
UR=10,(¢";7) =0,  wvr=wy(q";T) =w,

so the resulting payoff pair is precisely the reliance point R = (w, b).

Finally, since ex ante randomization over feasible (I,0) convexifies the set of
achievable payoff pairs, every point on the line segment RD is implementable by mixing
between the constructions that implement R and D. Hence RD is the (subgroup)

efficient frontier.

SEquivalently, ap(s, -) is a measurable selector that maximizes E,[ap(s, X)-P(Y =1| S = s, X)]
subject to E,[ap(s, X)] < ¢*.
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A.2.2 Proof of Lemma A.2

For each treatment probability ¢ € [0, 1], let
A,={Ac A, E[A] =q}
denote those implementable action variables with a treatment rate of g. Then

U = sup sup sup E[A(2Y — 1)]
q€0,1] YEY Ach,

But conditional on this subgroup, supy ¢y sup 4¢,, E[A(2Y —1)] is the same extremal
problem over (A,Y) as in the definition of b,(¢; 7), up to the restriction that A be
implementable. Thus we have
T < sup by(q; 7).
qE[O,l}

For any fixed (p, 7), the function b,(q; 7) is piecewise linear in ¢ with a single kink at
q = ¢* (Lemma A.1). Moreover, it is increasing on [0, ¢*] and weakly decreasing on

[¢*, 1]. Therefore,

sup b,(q;7) = by(q";7) = b
qe[ozl]

proving the result.

A.2.3 Proof of Lemma A.3

Let Y = p almost surely. Since p € [1,,T], this choice is T-admissible. Then for any

implementable action variable A,
E[A(2Y —1)] = E[A] (2p — 1)

<(2p—-1)4 since A € [0, 1]
d

Since Nature can choose this Y, it follows that the worst-case payoff must satisfy

v<d.
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A.2.4 Proof of Lemma A.4

We prove the proposition by first establishing a pointwise bound for each imple-
mentable action variable. For any A € [0, 1], define

u(A) := inf E[A(2Y — 1)],

Yey

u(A) :=supE[A(2Y —1)]

Yey
to be the worst- and best-case payoffs against Nature for this fixed choice of A. We
will show that

c1-u(A)+co-u(A) < (A.3)

with ¢y, ¢9, c3 as defined in the statement of the proposition, and then argue that this
implies the desired result.
Write Y = 7+ (7 — 1) Z, where Z is a random variable satisfying 0 < Z < 1. The

constraint E[Y] = p is equivalent to

Let Z be the set of random variables Z satisfying this range and mean constraint.

Then

w(A) = inf E[A2Y — 1)]

= inf E[AQ2(z+(F-1)2) - 1)]
— (27 — DE[A] + 2(7 — 1) inf E[AZ].

ZEL

Since the objective is linear in Z and the feasible set {7 : 0 < Z <1, E[Z] = ¢*}
is convex, the infimum is attained at an extreme point, i.e. by a {0, 1}-valued Z with
E[Z] = ¢*. Among such Z, the minimum of E[AZ] is achieved by taking Z = 1 on

the lowest ¢*-quantile of A (a maximally countermonotone coupling), yielding

VAY/

inf E[AZ] = /0 " Qulu) du,
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where ()4 is a left-continuous quantile function of A. Therefore

u(A) =27 — DE[A]+2(F — 1) /Oq Qa(u) du.

By identical arguments, the best case payoft is

(A) = (2r — VE[A] +2(7 — 1) / Q)

Thus for ¢; =b—d and ¢ = d — w,

is a linear functional of the quantile function Q4. The set of distributions of [0, 1]-
valued random variables with a fixed mean is convex, and its extreme points are
distributions supported on {0,1}. Therefore, it suffices to consider {0, 1}-valued

treatment rules A, that treat exactly a g-fraction of the population. That is,

sup A(A) < sup A(A,)

A€As q€[0,1]

where A, denotes the action variable that treats a ¢ fraction of the population.

Thus we can restrict our attention to upper bounding
A(Ay) = (0 —w)(2z = 1)g+2(7 — 1) (b — d)T(q) + (d — w) B(q))
where

q* 0 ifg*<1—q
T(@) = [ Qa(wdu = |
0 ¢—(1—q) ifg>1-gq

1 * *
¢ ifqg"<gq
B(q) = Qa,(u)du = _
1—g* q ifqg->q

The function A(A,) is piecewise linear in ¢, so it is maximized at one of the kink

points g € {0,¢*,1—¢*, 1}. Plugging these values into the expressions above, a direct
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comparison shows that the maximizer is ¢ = ¢*, given which
(w(Ag),u(Ag)) = (w,b) = AAp)=0—-dw+ (d—w)b=(b—w)d.
Thus

(b — d)u(A) + (d — w)u(A) < sup A(A) < sup A(Ag) = (b—w)d

A€A, q€0,1]

as desired.
It remains to show that the pointwise bound ciu(A) + cou(A) < ¢z for every

A € A, implies the stated bound for (v,v). Recall that

= inf u(A U= u(A).
v=inf u(4), @ ESEU“()

Fix € > 0 and choose A, € A, such that
u(A) >v—e.
Then also v < u(A.), and hence
10 + U — o8 < cru(AL) + cu(AL) < cs.

Letting ¢ — 0 yields v + cov < c3.

A.3 Constructing the Full Frontier

We return to the full model with an arbitrary finite set S. For each subgroup s € S,
let Ry = (ws(7),bs(7)) and Dy = (ds,ds) denote the subgroup trust and distrust
points, and recall from the previous subsection that the subgroup efficient frontier is
the line segment R,D;.

Fix any feasible (I,0). Since payoffs are expectations and S is finite with fixed

marginal u, the expected payoffs decompose as

u(o) =) us)e(o),  Ti(o) =) u(s)v(o).

seS seS
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The closure of the global feasible set is thus the weighted Minkowski sum of the
subgroup feasible sets. Formally, let Cs := R,D,, and define

C = Z,u(s) C, = {Z,u(s) 2s 1 2zs € CS}. (A.4)

seS SES

The global efficient frontier is the set of undominated points in C'.

Fix any payoff parameter ) € [0, 1] and consider the supporting functional
Ay(v,0) ==nv+(1-n)v

Because C' is a weighted Minkowski sum (A.4) and A, is linear, maximization sepa-
rates across subgroups:

maX Ay ( Z p(s) max A, (zs).

zeC(I zs€C
SES s

Since each Cj is a line segment, A, attains its maximum on C; at an endpoint, i.e.
either at Ry or at Dy (with ties yielding the entire segment). The reliance point Ry is

(weakly) preferred to the distrust Dy under A, if and only if
nws(7) + (L=n)bs(r) = d,
which is equivalent (when wg(7) # ds) to
n
—— > A(s).
2 Al
Thus, as n increases, the maximizing choice switches subgroups from R, to Dy in
weakly decreasing order of A(s). Therefore every maximizer of A, over C'(I) is of the
form RU) for some j (with ties corresponding to convex combinations between RY)
and RUTY). As 5 varies, the set of maximizers traces exactly the chain of segments
RORMD ...y RE-DRK)
Finally, since C'is compact and convex (a Minkowski sum of compact convex sets),

every undominated boundary point is supported by some A,. Hence the supported

chain above coincides with the efficient frontier.
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B Proof of Proposition B.1

We prove the stronger claim below.

Proposition B.1. For any preference parameter n € [0,1] and any subgroup s with

p = ps, the optimal choice of T = (7,T) := (1,,Ts) for this subgroup is as follows:

Case 1: p<1/2. Definer®=1-— 12;np and

) = 52 < gy =)

Then an optimal choice of T is

(0,1) if n < n(p)
() =19 (1) ifnlp) <n<7p)
(p,1) ifn(p) <n

Case 2: p>1/2. Define7 =,/ and

_r_1_.
np) =3 < 5y —1P)
Then an optimal choice of T is
(0,1) if n < n(p)
() =4 (0,7°) ifnlp) <n <7(p)
(0,p) ifn(p) <n

Finally, the designer’s optimal choice of T sets each (14, Ts) according to the above.

Proof. Because 7, is chosen independently across subgroups and the designer’s objec-
tive nu + (1 — n)v is additive across subgroups (with fixed weights p(s)), it suffices to
solve the one-subgroup problem for fixed p := p,.

For a fixed 7, the subgroup frontier is the line segment between the distrust point

D=((2p—1)4,(2p—1)4)
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and the reliance point T(7) = (w(7),b(7)) where

b(r) = (p_z) (27— 1)

T—T

(£2)-er-1) if (22) <1/2

2(p )+(7) (27 — 1) 1f( )>1/2

We prove the p < 1/2 case. The distrust point D = (0, 0) yields a payoff of zero,

3
1~

w(r) =

*H ’E
H H

and the designer can implement this by choosing 7 = p = 7. Thus the designer’s

optimal value is obtained by maximizing the payoff at the reliance point,
Ur(t) = nuw(7) + (1 = n)b(7)
and then truncating below at zero. Let
T={(z,7)€0,1?:0<7<p<7<1}

be the set of feasible values of (7,7).

Fix 7 = (z,7) € T and write

Sincezﬁpﬁ%,wehaveZz—lSO.

(A) Regime q* < % (equivalently p < (r+7)/2). In this case,
w(rt) =¢'2z-1),  b(r) =¢ (27 -1).
Using p = (1 — ¢*)T + ¢*T, we can rewrite
b(r) =q' (2T = 1) =2(p — 1) +¢" 2L - 1),

hence
Ur(T) = nw(r) + (1 —n)b(t) =2(1 —n)(p — 1) + ¢* (22 — 1).

For fixed 7, this expression is weakly increasing in 7; thus optimally set 7 = 1. The
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problem then reduces to maximizing over 7 € [0, pl:

— T

Un(z.)) =21 = n)(p— 1) + {—=(2r — 1) = T— — 20(p — ).

- T
This objective is strictly concave in 7 with derivative

d B 1—p
1—1)%

0, n< 2,
* 1— 1— 3 i —
T =915k HP<n< ﬁ, with 7" =1. (B.1)
p nZ 5
\ £ = 2(1-p)’
The corresponding value is
( 17
p(1 = 2n), n< =L,
* 2 1
Us=q 0 —=v2i(1=p)", <0< 555
1
\O, 77 Z m

(B) Regime q¢* > % (equivalently p > I%F ). By assumption, 7 > %, in which case we

have
Ur(T) = nw(r) + (1 —=n)b(1) = b(7) — 2n(T — p) = ¢"(27 — 1) — 2n(7 — p),

Since dq* /0T = (p — 7)/(T — 7)?, it follows that

81/3 _ p—?
——~ =(2T—-1)— <0.
or (27 )(?—1)2 !

Therefore, for any fixed 7 the objective is maximized at 7 = 0.

With 7 = 0, the condition ¢* > % becomes p/T > %, i.e. T < 2p. Hence Regime

(B) reduces to choosing 7 € [p, 2p] to maximize
— Do _ p =
Ur(0,7) = ;(27’ — 1) —2n(T—p) =2p(1 +n) — (; + 2777').
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By the AM-GM inequality, for any 7 > 0,

+2nT > 2+/2np,

with equality at 7 = /p/(2n). Accounting for the constraint 7 < 2p yields

(i 7) = (oomin{2p. [ 7}).

and the associated value is

S

2p(1—77)—%, Uﬁs—lp,

2p(1+m) = 2y2np, n >4

Up =

We finally argue that Regime A dominates Regime B. First, for n < SLp’

Un(0,1) = U = p(1 = 20) — (2p(1 =) = }) =4 =p >0,

so the boundary Regime B value is weakly dominated by the feasible Regime A choice
(z,7) = (0,1). Next, for n > £,

Ui —Up = (1—2p)(1+2n) —2/2n (/1 —p—

For p € [0, 3],
V1i-p—vp<1-2p, (B.2)
SO
U — U% > (1—2p) (1+277—2~/ ) (1—2p)(v27— 1) > 0.
Thus the best payoff in Regime (A) is weakly higher than the best payoff in Regime

(B), and the overall solution is the one given in (B.1).

The argument for p > 1/2 is symmetric and hence omitted. O]

36



C Proof of Proposition 3

Corollary C.1. Fix any preference parameter n and let T be as given in Proposition
B.1. Then the slope of the subgroup frontier line segment RyDy s
bs - ds

ws_ds

Ag =
where there exist 0 < n <7 <1 such that
(a) if n <n then A, = —1,
(b) if n <n <7 then

B 1
- /a0 +2p— 1))

A,

(c) if n > 7 the line segment is degenerate.

Proof. Suppose p < 1/2. By Proposition B.1, there exist 0 < n <7 < 1 such that for
n < n the designer optimally chooses (z,7) = (0,1), so R, = (—p,p) and the distrust
point is Dy = (0,0), with slope —1, yielding Part (a).

When 7 < 1 < 7 then the designer optimally chooses (z,7) = (1 — \/%, 1>
so the reliance point is Ry = ( (’f:fj) (21° — 1), f:f) while the distrust point is
D = (0,0), so the slope is )

1 1 1

or° —1 2(1— 1 1)
T 1-, /2 1—\/5(1+2\p—5|)

since p < 3 implies 1+ 2[p — 3| = 2(1 — p). This yields Part (b).
Finally, when 7 > 7 then the designer optimally chooses (7,7) = (p,p) so Ry =
D, = (0,0).
The argument for p > 1/2 is symmetric.
O

This corollary implies that for each subgroup s there exist thresholds n, = Q(ps)

37



and 7, :=7)(ps) such that: (i) if n <n_then A(s,n) = —1; (ii) if n_ < n <7, then
1 .
L—¢%u+2@—§n

(iii) if n > 7, the segment is degenerate. Moreover, the thresholds themselves can be

A(S7 77) =

(C.1)

written as functions of g := |ps — %|

1 g5 14 2g; _ 1

=1t~ 0 T ira
In particular, n, is weakly increasing in g, and 7, is weakly decreasing in g;.

Fix n and consider two subgroups s, s’ with g; < gg. We claim A(s,n) < A(s',n).
If either segment is degenerate, the claim holds by the convention that degenerate
segments have slope —oo. Otherwise, there are two cases.

Case A: n < n,. Then n < n_, as well because 7 is increasing in g;. Hence
A(s,n) = A(s',n) = —1.

Case B:n > n . It n > 7, then s is degenerate and we are done; so suppose
n, <n <7 lfalson,6 <n <7y, then (C.1) applies for both subgroups. For fixed 7,

the map
1

)

is strictly increasing in g on the region where it is defined (i.e. where n(g) < n < 7(g)).

Therefore A(s, n) = ¢y(gs) < dy(gs) = A, n).
If instead s’ is not in the interior region (i.e. n < n_, or n > 7,), then A(s',7)

an(g) =

equals —1 or corresponds to a degenerate segment. In either case, the inequality
A(s,n) < A(s',n) still holds since A(s,n) < —1.5 This proves the monotonicity
claim:

9s < gy — A(S, 77) < A(Sla 77)' (CQ)

We finally order subgroups as sV, ..., s(SD) such that

gs) < gy < -0 < gas -

®Indeed, in the interior region n, <n <7, implies (1 +2g,)/n € (1,(1+ 295)%/4] C (1,4], hence
(14 2gs)/n € (1,2] and so 1 — /(1 +2¢g5)/n € [-1,0), giving A(s,n) < —1.
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By (C.2), the corresponding slopes satisfy
A(S(l),n) < A(S(Q)JI) <. < A(s(‘SD,n).

Combine this ordering with the trust condition that the optimal point is Rs(n) rather
than Dy
n
A < —— C.3
s = 1 (©3)
Since the right-hand side —n/(1 — n) is a scalar, the set of indices for which (C.3)
holds is an initial segment: there exists m(n) € {0,1,...,|S|} such that

AP € - = j<ml).
-0
Equivalently, the optimizer selects R,;)(n) for j < m(n) and selects D) for j > m(n).
By Step 1, this endpoint-by-endpoint selection is exactly the global maximizer.
Finally, the indifference slope —n/(1 — n) is strictly decreasing in n on (0,1). Fix

m < 12. Then
2 Ui
— < — .
1 =, L—m
Hence the inequality A(s,n) < —n/(1 —n) becomes (weakly) easier to satisfy as 7

increases, so the initial segment of indices satisfying it can only expand. Formally, by

the definition of m(n),

Mo A, py) < —— B

j < m(m) (sY,m) < - -

= jg m(772)>

where the middle implication uses the fact that the optimizer’s slope rule (C.3) is
evaluated at the same 7 that determines A(-, 7). Therefore m(n) is weakly increasing

in 7.
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